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Abstract

A semi-analytic solution is developed for the problem associated with an elliptic inclusion embedded within an
infinite matrix in anti-plane shear. The bonding at the inclusion-matrix interface is assumed to be homogeneously
imperfect. The interface is modeled as a spring (interphase) layer with vanishing thickness. The behaviour of this
interphase layer is based on the assumption that tractions are continuous but displacements are discontinuous
across the interface. Complex variable techniques are used to obtain infinite series representations of the stresses
induced within the inclusion. The results obtained demonstrate how the (non-uniform) stress field and the average
stresses inside the inclusion vary with the aspect ratio of the inclusion and the parameter describing the imperfect
interface. In addition, it is shown that, in some cases (depending on the aspect ratio of the ellipse), it is possible to
identify specific values of the interface parameter which correspond to maximum peak stress along the
interface. © 2000 Elsevier Science Ltd. All rights reserved.

Keywords: Elliptic inclusion; Imperfect interface; ANM-plane shear

1. Introduction

Problems involving elastic inclusions with imperfect bonding at the inclusion-matrix interface
(imperfect interface) have received a considerable amount of attention in the literature (see, Ru and
Schiavone (1997) for a recent survey and bibliography). Interest in these problems is motivated by the
study of interface damage in composites (for example, debonding, sliding and/or cracking across an
interface) and its subsequent effect on the effective properties of composites.

One of the more widely used models of an imperfect interface (see, for example, Aboudi, 1987,
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Achenbach and Zhu, 1989; Hashin, 1990, 1991a,b, 1992; Gao, 1995; Ru and Schiavone, 1997) is based
on the assumption that tractions are continuous but displacements are discontinuous across the
interface. More precisely, jumps in the displacement components are assumed to be proportional, in
terms of ‘spring-factor-type’ interface parameters, to their respective interface traction components.
When these interface parameters are assumed to be uniform along the entire length of the material
interface, the interface model is said to represent a homogeneously imperfect interface. Using this model,
Hashin (1991b) examined the case of a spherical inclusion imperfectly bonded to a three-dimensional
matrix. In contrast to the case of perfect bonding (see, for example, Eshelby, 1957), Hashin found that,
under a remote uniform stress field, the state of stress inside the inclusion is no longer uniform. The
analogous result in plane elasticity has been established by Gao, 1995 for a circular inclusion (see also
Qu, 1993) for similar results concerning an elliptic inclusion with a ‘slightly weakened interface’). To our
knowledge, despite its importance to composite mechanics and the study of elastic inclusions with
imperfect interfaces, the solution of the problem of an elliptic inclusion with homogeneously imperfect
interface has not been recorded in the literature.

In the present work, we consider the problem associated with an elliptic elastic inclusion embedded
within an infinite matrix in anti-plane shear, when the interface is homogeneously imperfect. Using
complex variable techniques we obtain infinite series representations of the corresponding stresses which,
when evaluated numerically, demonstrate how the (non-uniform) stress field and the average stress
within the inclusion vary with the parameter describing the imperfect interface. In addition, we show
that, in some cases (depending on the aspect ratio of the inclusion), interfacial stresses are found to be
non-monotonic functions of the interface parameter. In these cases, it is possible to identify specific
values of the interface parameter which correspond to maximum peak stress along the interface.

2. Problem formulation

Consider a domain in R, infinite in extent, containing a single internal elastic inclusion, with elastic
properties different from those of the surrounding matrix. The linearly elastic materials occupying the
matrix and inclusion are assumed to be homogeneous and isotropic with associated shear moduli ' and
u?, respectively. At infinity, the prescribed deformation is that of a simple shear. We represent the
matrix by the domain S; and assume the inclusion occupies an elliptic region S,. The ellipse I' will
denote the inclusion-matrix interface. In what follows, the subscripts 1 and 2 will refer to the regions S
and S, respectively, (x, y) is a generic point in R* and w(x, y) will denote the elastic (anti-plane)
deformation at the point (x, y).

We assume that the interface is homogeneously imperfect as described in Section 1. The interface

condition is therefore given by (see Ru and Schiavone, 1997)

owy own
hlwi = (w2 + 0*)] =M =, on I, 1)

where & = constant is the imperfect interface parameter, n is the outward unit normal to I and w*(x,y)
represents the additional displacement induced within the inclusion by a uniform eigenstrain specified
below. We note that as 4 approaches infinity in Eq. (1), we must have w; = w, + w*(x, y) so that, in this
case, Eq. (1) describes a perfectly bonded interface (see, for example, Ru and Schiavone, 1996).
Similarly, if # = 0, Eq. (1) reduces to the case of a traction-free interface, which characterizes the
complete debonding of the inclusion from the matrix. Consequently, the following boundary value
problem describes anti-plane shear deformations of an elliptic inclusion with the imperfect interface of
the form (1) (see Ru and Schiavone, 1997):
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V2w1 =0, inS, Vzwz =0, inS
owy owy owy
[wy —wa] = Ly on + hw”, ny an Uy on on
~ . \ 2 2
Wi(X,)) 22 c1x — 2y + 0(1), X* 4y —o00 ()

Here, ¢,, @ = 1, 2 are given constants (remote stress parameters).
We denote the complex potentials corresponding to wy(x, y), o« =1, 2, by ®(z) and ®y(2),
respectively. Since @(z) and @,(z) are analytic within S; and S5, respectively, we can write,

2Wk = @k(z) + m

O —i0y. = P(z) ze€Sc(k=1,2) 3)
where 0. and g, represent the corresponding stress components in anti-plane shear. Noting that

dw e
2% = ®)(z) ") 4 )(z)e M), e,
n

where, e represents (in complex form) the outward unit normal to I' at z. The boundary value
problem (2) can now be re-written in complex form as:

@1(2) = 002(2) + (1 = 9)B2) + | D) " + D)) e O 4 07(2), zeT

®y(z) =2 Az +0(1), |z|—o0. “4)

Here

'u1+'u2>7,a)*=wz+ﬁ (5)

. U
A= =£2>0,0=
c1+1cp, o 5, = 2#1 5

and w is a known complex constant determined by the uniform eigenstrain given in the inclusion.

3. Conformal mapping

Let I" be an ellipse with centre at the origin of the complex z-plane, semi-major and semi-minor axes
a and b, respectively and foci at x = +2R, R > 0. Consider the following conformal mapping from the
complex z-plane to the complex &-plane (Muskhelishvili, 1963):

1 a? — b2 . 0
z:m(f):R(f+E>,R=f>0,5=C+m=re (6)
As illustrated in Fig. 1, we imagine the enclosed region S, to be cut along the segment D; = {(x, 0): —
2R<x<2R} connecting the foci of the ellipse. This cut may be thought of as an ellipse, which is
confocal with I' but whose minor axis is zero. Hence, the cut region in S may be thought of as the
limiting case of a region between two confocal ellipses.

Using Eq. (6), we map the ellipse x = R(R* + 4&)cos 0, y = R(R* — 2-)sin 0 and its exterior region in
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z-plane &-plane

Fig. 1. The conformal mapping from z-plane to {-plane.

the complex z-plane, onto and outside, respectively, the circle of radius R* in the complex ¢-plane. Here

_a++va>—4R? _\/a+b
N 2R “Va-»b

R*

> 1 (7)

Since, @,(z) is analytic in S», it follows that

Oy(z) = D5(2), ze Dy ®)

4. General solution

For convenience, we write
Dy(2) = Po(m(Q)) = Po(&), =12,
so that, in the &-plane, condition (8) becomes
@2(&) = (&), Vel =1
Using (6), writing & = re® and noting that (England, 1971)

ey _ S ey _ EmGD ey _ Em(©)

(@) rm@rS T m@r

the problem (4) reduces to finding analytic functions @,(¢), « =1, 2 in the regions ¢ > R* and
1 < ¢ < R*, respectively, such that

D1(E) = 6@5(¢) + (1 = 0)5(E) + [Ed5(E) + EDH(E)] + wm(&) + wom(E),1¢| = R, )

By(¢) = D2(8), ¢ =1, (10)

®1(&) = AREH0(1),  [¢]—o0. (11)
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Here,

2 12
* = (12)

o
R m' O p/1+ brsin2 0 b2

Since @;(¢) is analytic in |£] > R*, using Eq. (11), it can be represented there by the following Laurent
series

po) =

D(E) = ARE+ Y dp&™" (13)
n=0

where d, are unknown coefficients to be determined. Similarly, ®,(&) is analytic in the ring 1 < |¢| < R*,
and hence has Laurent series representation

DO = Y byl (14)

n=—0o0

where, again, b, are unknown constants to be determined.
From Eq. (10), letting & = r e we obtain (see, for example, Muskhelishvili, 1963)

by=b_p, ¢ =Y b&"+E) (15)

n=0

In the following equations, since the constants by and dy make no contribution to the calculation of
stresses, they will be taken to be zero. The problem is then reduced to the determination of the complex
coefficients d, and b, (n = 1, 2). The interface condition (9) can be rewritten as

B1(8) = 502(0) + (6 — DBa(E) = p[E05(0) + EBQD) | + om(@) + om(@). 18] = R° (16)

Using (13) and (15), the left-hand side of Eq. (16) becomes
ARE =5 b, &+ =D b,E "+ Y dye™ =8 b+ (6 — 1Y b,&"
n=1 n=1 n=1 n=1 n=1

Since the above expression is real, we obtain (setting & = R*e™?),

di = AR(R*)*+(25 — D[by — by(R")*] when n =1 (17)
dy =26 — Db, — by(R)™]  when n#1 (18)
Using the expressions (17) and (18) to eliminate d, (n = 1, 2...), the left-hand side of Eq. (16) becomes

D1(8) = 0D2(&) + (6 — DD2(&) = RR* (4" + A7) =5 [b, ™
n=1

+b_n e—il19](R*)”+(5 B I)Z(R*)—”[b_n ein@ + b, e—inﬁ]’ €] = R*. (19)

n=1

Noting Egs. (6), (12) and (16) and setting ¢ = R* e, the interface condition (16) is further reduced to:
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V1 + b*sin? 9{RR*|:<A —w— i) e + (/I —o—2 ) e_i9:| — Zé[bn e 4 b, e (R*)"
n=1

R R

+ i(é . l)(R*)fn[l;n e 4+ b, e—in()]] _ i“” [(R*)"(bn oint

n=1
+ b_n e—inf)) B (R*)—n(bn e—in@ + Z;n einf))] (20)
Substituting the expression (see Appendix A)
o0 -1
1 + b*sin’ 6 = Z by €2K0 ~ lek( ei2k0 4 e—i2k0)
k=—o00 k=0

ei2M0 4 o —i2M0 _n(ei2(M—l)9+ ei2(l—M)9)

+ by 1 20 | o-i20 1)
= A T
into Eq. (20) (here M is a sufficiently large integer) and letting 7= A4 — w — R“:g, we obtain
M—1 20 —i20
, . 1 , . ;
RR*{ Z[zk(elzke 4 ezZlc6)|:1 + R*4 _ € ;*26 } +12M[ elZM@ + eleMe _ ﬂ(CZZ(M71)6
k=0
M—1
+ ei2(1—M)())]} « (Tei() + Te"“) _ 5{ lek(eizw
k=0
. 1 20 —i20 ‘ A A
+ e—lzw)[l + i € ;*ze +12M[ e2MO 4 o —2MO _ ’7( el2(M=1)0
+ elZ(l—M)H)]] x Z[b” it + b, e—tnﬁ](R*)’7+(1 — ) x { ZIZIC(CIZI(H
n=1 k=0
. 1 20 -i20 A A A

+ 6—12/\0)[1 4 - e ;; + 12M[ e2MO 4 o —2MO _ 11( el2(M=1)0

. X - ) T 1 20 4 o—i20 00 A
+ e12(1—M)()):|] > Z[b” it + b, e—m()](R*) ’1+E|:1 + i T ~ Zn[bn it

n=1 n=1
o 1 20 -0 e ' .

+ by e*’”"](R*)"—% [1 + g = % > by € 4 by e MR (22)

n=1

Furthermore, noting that I; = I_»;, and equating coefficients of ¢” in the interface condition (22), we

finally obtain

m—1/2 M m—1/2 M _ M
Z (ZanjIZk + an>b2j+1 + Z <2Enkj12k + Pn/>b2/+1 = ZFnk[2k (23)
=0 =0

=0 \ k=0 =0
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Here, n = 1,3,5...m, where m is odd and always less than M; D, E,; are real constants; G,;, P, are
real constants related to the imperfect interface parameter s and F,; are complex constants. For
example, by comparing Egs. (22) and (23), when M =5, n =3 (m = 5), we obtain

) ., 201 (1—-20) 1-=9
D3oo = — 473 D30 = OR" + g D =—p + R*5 s D330 = —— 575 Daao = Dsso = 0; G3o
o«
bR
1-9 1-6 20-1 26 —1 0
E — E - E3p = O0R*  E ; E3q0 = E3so = 0; P
300 o B30 = R B0 R B0 =~ Baao = Esso = 05 Py
o
bR
1 1-9 1-9 1 1
Dsp = (5<R*3 + E) D311 = -20R" 5 D3 s> D = (1 5)<R*3 + W)’ D34
= D351 =0;
3o 1
Gy = R*.’) .
31 = b < + R*)
IR -0 s 1Y
E3 =(1 _5)<R*3 7 R*5>’E3” = s B = OR*; Exyy = 5<R + 1€*>’E341

= —0R"; E351 = 0;

3 1 1
Par= 7(@ * F)

—0 1 1
Doy = —0R*; Dajy = 6(R*S + R*); D3y = —6R*™; D33y = ; Dy = (1 — 5)(— + —>;

R*S ? R*S R
1= 0 So
D35y = Gy =——R"
3325 TR s 1 U322 = 5
Exn= (-8 By = —9)( - 1E (15)1E—5RE
320 =~ =0)pgs B3z = R*5+R*9 322 = O B3 = 342

Sa 1

Eysy = —0R™n; Py = ——
352 s £32 b R
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1 T - 1 T T
F30 = 0; F ZT(1+R*4)—12*2;F32=T(1+RM)—R*z;FBZ—R*Z;FM:Fx:O

5. Numerical examples and discussion

We compute (numerically) the complex coefficients of the Laurent series in Eq. (15) for a wide range
of imperfect interface parameters and aspect ratios a/b.

5.1. The case of remote mechanical loading

We consider first the case of remote loading in the absence of any eigenstrain inside the inclusion.
That is, when T= A4, T = A.
Let »=1 and consider the case of an epoxy matrix surrounding a glass inclusion. The material

properties of the matrix and the inclusion are described by:

E,=276Gpa, v; =035y =1.02Gpa

E,=724Gpa, v,=0.2, pu,=30.17 Gpa,

where, E is Young’s modulus and v is Poisson’s ratio.

It is well known that, in the case of a perfectly bonded interface, the stress and strain fields inside an
elliptic inclusion are uniform (see, for example, Ru and Schiavone, 1996). In fact, when & = oo (¢ =0,
perfect bonding) and G,; = P,; = 0 in (23), we obtain

—d- RA—5*4 1-0
5R*b] + R* b] = ARR*, b] = gw, b3 = b5 =...=0 where 5* = 5R*2
Consequently,
RA—06A4:z
Dy =by+ ————5—
2 0 + 5 1_5*2 Ra

which coincides with the result obtained in Ru and Schiavone (1996) for an elliptic inclusion with
perfectly bonded interface.

In practice, the imperfect interface parameter /i is rendered dimensionless by division /b, where y, is
the shear modulus of the matrix and 4 is the minor axis of the ellipse.

In the case of the homogeneously imperfect interface, numerical computation of the corresponding
series demonstrates that the non-uniformity of the stress field inside the inclusion depends significantly
on the aspect ratio of the ellipse and the imperfect interface parameter.

In what follows, we present results for three different ranges of the aspect ratio a/b. In each case, the
number of coefficients in the corresponding series is chosen so that, the error in the numerical
calculations is maintained below 1%. This is achieved simply by calculating an increasing sequence of
partial sums from each of the (uniformly convergent) infinite series representations, and noting the
minimum number of coefficients required to ensure that the difference between any two subsequent
partial sums is less than 1%.

Case 1. When 1 < a/b<3, only the coefficients b; and b3 are necessary to achieve the desired accuracy.
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In this case, we find that

3
z z
by~ b by —3b3)| = bs| = 24
2~ by + (b 3)(R>+ 3<R) (24)
We obtain values of b; and b3 by selecting m = 3 and M = 7 in Eq. (23). It should be noted that the
result for a/b =1 cannot be obtained directly from the numerical analysis but is available analytically.
The relationship between average stress and the imperfect parameter A, in this case, is given in Fig. 2.
The average stress inside the inclusion is defined as

O'ljdA
(25)

Gij = AT

where A is the area of the ellipse.
In Figs. 3 and 4, the stress distribution along the interface and the regions of the ellipse described by

the lines x = 0 and y = 0 is plotted for the value a/b = 3 and different values of the parameter /. It is

clear that the non-uniformity of the stresses inside the inclusion is very strong. In fact, when &1 = SE+ 5,

the local stresses reach maximum values.

ze
S
4- Oxz
3.5 1
3
2.5 4
2 1 —e—ab=3
—&— ab=2
1.5 —i— a/b=1.2
—»—a/b=1
&® Q
1 4
S oz ® o S 0z
0.5 - ® O
0 T T T T T T T T T T T v
10 5.00E+02 5.00E+03 5.00E+04 5.00E+05 5.00E+06 5.00E+07 5.00E+08

Imperfect Interface Parameter h

Fig. 2. Effect of the imperfect interface parameter /1 on the average stress (%) inside inclusion when the remote stress is Sp..
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h=5E6

44 h=E7
h=infinity
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h:

2 B

1 4

W h=50

Fig. 3. Non-uniformity of stress along the interface when the remote stress is Sp,. with a/b = 3.

Case 2. When 3 < a/b<6, it is sufficient to consider only the coefficients by, b3 and bs to obtain the
required accuracy. In this case, we obtain

3 5
Dy~ by + (by — 3b3 + 5b5)<%> +(by — 5b5)<%> +b5<%> (26)

We may obtain values of by, b3 and bs by selecting m = 5 and M = 9 in Eq. (23). The corresponding
stress distributions are presented in Figs. 5-7.

. o T =
Sﬂu S . .
54 h=SE5 i beininity
35 B=E7
h=5E6
4] =E7 3 h=5E§
h=infinity

3 h=5ES
=EA4 2
21 T

0.51
h=50 h=50

i 02 04 06 08 9 0 02 0.4 06 08

—-J

x/a wh

Fig. 4. The stress distribution along the x and y axes for remote stress Sy, with a/b = 3.
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Case 3. When 6 < a/b<9, only by, b3, bs and b; are required to obtain the desired accuracy. In this
case, we obtain

3 5 7
@y~ by + (by — 3bs + 5hs + 28b7)% + (bs — 5bs + 14177)(;) +(bs — 7b7)<;> +b7<;) 27)

We may obtain values of by, b3, bs and b; by selecting m = 7, M = 11 in Eq. (23). The corresponding
stress distributions are presented in Figs. 8§—10.

It is noted that for values of the aspect ratio a/b> 10, the procedure is similar although a much larger
number of coefficients is required to evaluate the corresponding series to the desired accuracy.

The above results indicate that the average stress alone is insufficient to describe the debonding and
failure of the interface. It is the local stress (maximum) that decides where the debonding and failure
will occur. For example, from the stress distribution along the interface in Fig. 9, the maximum local
stresses occur at 0 =0, m. These stresses are much greater than those in the case of perfect bonding
although the average stresses (see Fig. 8) are smaller. From Figs. 2, 5 and 8, it is clear that the effect of
the imperfect interface parameter 4 on the average stress inside the inclusion increases with the aspect
ratio of the ellipse.

‘_’xz
S
8 _Oxz
5 B
—e—ab=4
4 —#—a/b=5
—&— a/b=6
3 4
2 ® O
S, 9@ O Sae
1 2 ©)

5 10 50 100 200 500 1.00 5.00 1.00 1.00 5.00 1.00 5.00 1.00 5.00 1.00 5.00 1.00
E+03 E+03 E+04 E+05 E+05 E+06 E+06 E+07 E+07 E+08 E+08 E+09

Imperfect Interface Parameter H

Fig. 5. Effect of the imperfect interface parameter / on the average stress (ﬁ) inside inclusion, when the remote stress is Spy..
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a-ﬂ
S Oxx
h=E5
84 h=5E5
h=5E6
6 h=infinity
h=5E3
41
2 .
\_/_\_/ h=30
0 i 2 3 4 5 6
f(rad)

Fig. 6. Non-uniformity of stress along the interface when the remote stress is Sp,. with a/b = 6.

It should be emphasized that the imperfect interface condition (1) arises from the assumption of a
thin flexible coating of thickness ¢ <« b with shear modulus u, < min{y;, t,} between the inclusion and
the matrix (Hashin, 1991b). This defines the physical meaning of the parameter /4. In practice, the
interface model may be represented by an adhesive layer. For the present case, / is in the range 1E+ 0
to 1E+ 6, which demonstrates that the stress field is closely related to this physical meaning of 4. In
addition, the local stresses along the (imperfect) interface itself reach maximum values when the
interface parameter s reaches a particular value (4*). For the example under consideration, the
relationship between the parameter /* and the aspect ratio a/b is represented in Fig. 11.

0'“ Un
SOx: S
h=E5 il h=infinity
8 h=5E5 h=5E6
5_
h=5E6
6 - h=infinity 4
=5E5
B h=SE3 3 h=E5
%] B
] =5E3
1 B
h=50 1
: - : - , h=50
0 02 04 08 08 1 0 02 04 06 08 i
X/ /b

Fig. 7. stress distribution along the x and y axes for remote stress Sy, with a/b = 6.
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Since values of /#* correspond to local maximum stress and are related to the mechanical properties
and thickness of the adhesive layer between the inclusion and the matrix, the parameter /* may be used
as a control parameter when designing composites involving elastic inclusions. For example, for the
remote loading Sy,. and aspect ratio a/b =1 (circular inclusion), the peak stress corresponds to the
value h* = oo (perfect bonding). However, when a/b = 3, the peak stress corresponds to #* = SE+ 5.
Since /#* is rendered dimensionless by division y, /b, for a specific aspect ratio, we could avoid the peak
stress by adjusting y; (the shear moduli of the matrix), and the thickness of the interphase layer (related
to b).

In order to better understand the relationship between the imperfect interface parameter /4 and the
failure of the interface, Fig. 12 plots the peak stresses as a function of the imperfect interface parameter.
These peak stresses are calculated at the values § = 0 or © and correspond to the effective stresses which

are defined by the relation Oefreciive = /02 +02 In Figs. 3, 6 and 9, we note that the values of <= are
much smaller than the correspondrng values of "O‘ , when the remote stress is Sy,.. Thus, the eﬁectrve
stresses are mainly determined by <= Furthermore at the values 0 = 0 or 7, the effective stresses is

J\

equal to the values of
correspond to values of the parameter 4*. For the c1rcu1ar 1nclus10n we know that the maximum peak
stress appears at 1 = oo (see Ru and Schiavone, 1997). However, for the elliptic inclusion, the maximum
peak stresses are related to the imperfect interface parameter and the aspect ratio. To explain this, we
note that for the present interphase layer model (Hashin, 1991b), in order to keep the thickness of the

01 1 $ 10 100 500 1.00 5.00 1.00 5.00 1.00 5.00 1.00 5.00 1.00 5.00 1.00 5.00
E+03 E+03 E+04 E+04 E+05 E+05 E+06 E+06 E+07 E+07 E+08 E+08

Imperfect Interface Parameter #

Fig. 8. Effect of the imperfect interface parameter 4 on the average stress (%) inside the inclusion when the remote stress is S,..
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Ty oyx
So:: S
Oxx
1.43 h=5EA
121 121
1.
10 0.8
0.6
8 0.4
0.24
67 0
-0.21
44 -0.41
-0.61
2] h=50 -0.84
14
0 1 3 3 i 5 & 123
-1.4

& (rad)

Fig. 9. Non-uniformity of stress along the interface when the remote stress is Sp,. with a/b =9.

adhesive layer between the elliptic inclusion and the matrix uniform, unlike the innermost edge, the
outer edge of the interphase layer cannot be elliptical. This is why, in the case of a homogeneously
imperfect interface, values of /i* correspond to different local maximum stresses for different values of
the aspect ratio a/b (for the circular inclusion with homogeneously imperfect interface, the outer edge of

(22 e O’n
S5 5,
Xz h=5E4 Oxx h=inﬁnitv
121 h=7E6
h=ES 71
101 6
! h=7E6 5
h=infinity h=E5
h=2E3 4
5 <
3 h=5E4
4 B
2] h=2E3
2 14__// b=50 11
h=50
0 02 0.4 08 08 1 0 02 04 06 08 1
x/a /b

Fig. 10. The stress distributions along the x and y axes for the remote stress Sp,. with a/b =9.
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the interphase layer is circular). This makes the stress distributions along the interface extremely
complicated in the case of an elliptic inclusion.

5.2. Eigenstrain problem

By a suitable choice of eigenstrain in S,, the problem considered in Section 5.1 (remote loading with
no eigenstrain in S,) can be shown to be equivalent (in the sense that the stress field induced within S5 is
equivalent) to one in which, the remote loading is zero. In fact, if 4 is the remote loading parameter, we
choose the eigenstrain w such that

@ R2(AR? — 4)
w—i—R*z— A w = R
= ) (28)
o+ 2 - _ R24R? - 4)
R2 O=="""pa_1
R — 1

It is worth noting that for the above condition, the stress distribution in the eigenstrain problem is
equivalent (to that with remote loading and no eigenstrain in S,) only within the inclusion, and not in
the matrix. For example, the stress distribution in the matrix along the x-axis, in the case when a/b = 3,
is presented in Fig. 13. In the case of remote mechanical loading, all stresses in the matrix tend to L’;T =

x
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400000 -

200000 -

alb

Fig. 11. The relationship between A* and a/b.
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Fig. 12. The effective peak stress along the interface varies as a function of the imperfect interface parameter # when the remote
stress 1S Soy-.
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Fig. 13. The stress distribution with a/b = 3 for the matrix along x axis with different # when: (a) remote mechanical loading Sy..;
(b) eigenstrain loading.
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1 when x tends to infinity, as expected. On the other hand, for the eigenstrain loading, all stresses tend

to go = 0 in the similar situation.
)XZ

6. Conclusions

This paper presents a semi-analytic solution of the problem of an elliptic inclusion with
homogeneously imperfect interface in anti-plane shear. The results show that the interface imperfection
has a significant effect on stress fields in and near the inclusion (along the interface). The non-uniformity
of stress is closely related to the interface parameter describing the imperfection and the aspect ratio of
the ellipse. It has also been indicated that the definition of the imperfect interface and the physical
explanation of the interface parameters used in Hashin (1991b) are indeed suitable for describing the
nature of the interface.

Our calculations show that using only average stress is insufficient to describe the debonding and
failure of the material interface, since both are controlled by interfacial stresses which are themselves
closely related to the imperfect interface condition. Furthermore, it has been shown that the effect of the
imperfect interface parameter /2 on the average stress inside the inclusion increases with the aspect ratio
of the ellipse. In particular, our results indicate that it is possible to predict and control the debonding
and failure of the interface by identifying a distinct value (4*) of the interface parameter which depends
on the aspect ratio of the ellipse and the properties and thickness of the adhesive layer between the
elliptical inclusion and the matrix. This is a direct consequence of the fact that values of 4#* correspond
to maximum peak stress along the interface. Furthermore, we have shown that, for a specific aspect
ratio, it is possible to avoid or minimize peak interfacial stress by adjusting yu; (the shear modulus of the
matrix) and the thickness of the interphase layer.

Appendix A. Infinite series representation for the expression /1 4 b*sin’0

In order to solve the Eq. (20) using infinite series, it is necessary to find a series representation for the
expression v/ 1 4+ b*sin? 0. To this end, note that for any integer k,

2n

V1 + b*sin? Osin k0d0 = 0,

0

2n

V1 + b*sin? Ocos(2k + 1)0d0 = 0. (A1)

0

Thus,

2n 2n

V1 + b*sin? Ocos[2(k + 1)]0d0 = J V1 + brsin? 0[cos(2k0)cos(20) — sin(2k0)sin(260) ]d0 =

0 0

2n

4k
V1 + b*sin? Ocos(2k0)cos(20)d0 + 7
0

2n
J V1 + b*sin? 0[1 + b*sin? 0]cos(2k0)d0 =

0
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2n
%(1 — %) J V1 + b*sin? Q[COS[Z(k + 1)0] + cos[2(k - 1)]]d0
0

2k(2 * 2n
+ %J V1 + bsin Ocos(2k0)d0 (A2)
0
If we define
2n
Ly = %J V1 + b*sin? Ocos(2k0)do (A3)
T Jo
we have b, = I_5, and
1 &k 1 k 2k(2 + b*)
<§ + §>Iz(k+1) = <§ - §>12(k1> + szk (A4)

Next, writing

V1 +b*sin? 0 = lek( ek e_izk(’). (AS)

k=0

we note that, for large k, the right-hand side of Eq. (A5) approaches a geometric series. To find the
ratio of this geometric series, let us assume that for large &,

Lty _
Dy

Also, for large k, Eq. (A4) can be reduced to:

22+ b*)
Dery = =Dy + =Dk
Consequently,
2 4+ b*
N +1-2 Jbr n=0 (A6)

Noting the expressions for b* and R* in Eqs. (7) and (12), we have

2
24 b* 24 b* 1
1= () =g et (A7

which implies that the geometric series is convergent. We can now rewrite Eq. (AYS) as:

M-1 =)
/1 + b*sin® 0 = Z Izk( ei2k0 4 e—z2k()) + Z 12(M+k)[ e2M+K)0 6—12(M+/()0]
k=0

k=0

and consider the second term on the right-hand side as a geometric series (approximately).
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Thus,

2M0 —i2M0

(&

l_ﬂei20+l_ne—i20

M—1
V1 + b*sin? 0 = lek( e2k0 e_nke) + by
k=0

M-1 ) ) P2M0 —i2M0O __ 2(M—1)0 2(1-M)O

ZIZk(elzkH 4 e ) 41, e+ e : n[e + e ] (AS)
k= " (ea20 —i20

k=0 1 + R*4 R*2 ( e+ e )

The expression (A8) is sufficiently accurate for a given suitably large number M.
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